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Abstract 
Capillary forces between particles often dominate other adhesion forces. However, the calculation of the shape of capillary bridges and the 
resulting force is complex, so often assumptions and approximations are used. These assumptions are not useful for nanoscale particles. 
Therefore, a simulation method was established to calculate numerically the shape of the meniscus and derive the corresponding capillary 
bridge force. The main focus are nanoscaled particles with liquid bridges formed by condensing air humidity. The dependence of the capillary 
force on various parameters such as particle sizes, contact angle and humidity was investigated and it is demonstrated that often-used 
assumptions cannot be used for nanoscaled particles without remarkable mistake. 
© 2014 The Authors. Published by Elsevier Ltd. 
Selection and peer-review under responsibility of Chinese Society of Particuology, Institute of Process Engineering, Chinese Academy of 
Sciences (CAS). 
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1. Introduction 
In different aspects of process engineering the adhesion forces between particles are crucial for the handling of powders and 
bulk solids as they can change the flowability [1–4]. On one hand these adhesion forces can be desirable, for example in case of 
granulation, and on the other hand they can be undesirable when a free flowing powder is needed. If the particles are in contact 
and a liquid is present capillary bridges are formed in the gap between the particles and they induce an adhesion force which is, in 
general, stronger than other adhesion forces, like van der Waals forces or electrostatic forces. Thereby the liquid can either be 
added to the powder separately or alternatively capillary condensation occurs when humidity of the air condenses into the gap 
between particles and the liquid forms a meniscus there. In either case the meniscus induces an adhesion force due to the pressure 
difference between liquid and gaseous phase and due to the surface tension on the liquid-gas interface, respectively. Especially 
for nanoscale particles capillary condensation is important. Capillary bridges are also important during AFM analyses when 
experiments are performed under ambient conditions, as they can exist between tip and substrate [5–7]. Furthermore, they can be 
used to manipulate microscopic objects [8]. 
 
Because of the importance of capillary forces they should be determined as exact as possible. The force depends on the shape 
of the capillary bridge surface, but the determination of shape and forces is very complex. Hence, assumptions and 
approximations are often used or only special cases are handled. These assumptions were developed for micrometer sized 
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particles and simplify the shape of the meniscus. Even though the exact shape of the meniscus is a nodoid [9,10] but often it is 
assumed to be a circle with one constant curvature radius [11]. Another approximation is the use of an effective radius, after 
Derjaguin [12], and the calculation of a capillary bridge between a sphere and a plate instead of the calculation between two 
spheres, resulting in an easier calculation [13]. As it was shown by Dörmann and Schmid [14] these approximations should not 
be used for nanoscale particles as they cannot be used without a remarkable mistake in that case. 
 
Pakarinen et al. [15] developed a method to calculate numerically the shape of the capillary bridge and the corresponding force 
between an AFM tip and a plate. The method is based on the Young-Laplace equation and calculates the meniscus that exists in 
thermodynamic equilibrium at a specific relative humidity. Due to the aim of that model it is only possible to determine the 
capillary bridge between a rotationally-symmetrical object and a planar surface. Hence, it cannot model the meniscus between 
two spherical particles. An extended model was developed by Dörmann and Schmid [14] focusing on the interactions of spherical 
particles, especially at a nanoscale level, with regard to relative humidity. 
 
As an alternative approach the energy-minimal surface of the meniscus can be calculated and the derivative of the energy is 
the resulting force [8]. With this method it is possible to model non-rotationally-symmetrical bridges, but the volume of the 
capillary bridge has to be set in advance and you cannot calculate the capillary bridge directly for a given relative humidity. It 
was shown that both approaches, based on the Young-Laplace equation and on the minimization of energy are equivalent [16]. 
 
Both approaches that were presented until now treat the fluid phase as a continuum. It is also possible to simulate every water 
molecule and its interactions in a molecular dynamics approach [5,17]. But only very small particles with a maximum diameter of 
about 4 nm can be calculated, as the computational costs are very high. 
 
Therefore a new method was established recently by Dörmann and Schmid [14] to calculate the shape of capillary bridges 
between nanoscale particles in thermodynamic equilibrium without any assumptions and to derive the resulting capillary force. A 
continuum-mechanical approach based on the Young-Laplace equation is used as the required computational time is low and the 
capillary bridge can be directly determined in dependence of the relative humidity.  
 
In the next section the method and the simulation procedure are presented. Then the influence of different parameters will be 
presented. At the end the paper will be recapitulated and an outlook towards further research will be given. 
  
 
Nomenclature 
D diameter of particle 
D* effective particle diameter 
d distance between particles 
FC  total capillary force 
FP capillary pressure force 
FS surface tension force 
p vapour pressure 
pS saturated vapour pressure over a planar surface 
R general gas constant 
r radius of the cross-section of the meniscus 
rK Kelvin radius 
r1, r2 curvature radius 
T temperature 
V volume of capillary bridge 
VM molar volume of the liquid phase 
α deviation angle of the capillary from normal direction 
β filling angle 
γ surface tension 
Δp Laplace pressure 
Θ contact angle 
φ relative humidity 
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2. Method 
The method presented in this paper is capable of calculating numerically the capillary bridges in case of condensing 
conditions between two spherical particles (Fig. 1a) or a spherical particle and a plate (Fig. 1b), respectively. Only rotationally-
symmetrical capillary bridges are considered and therefore, also the particles have to be rotationally-symmetrical with respect to 
the rotation axis of the capillary bridge. This assumption allows the two-dimensional modeling of the meniscus shape due to the 
symmetry. The particles are described by the particle diameter D and the contact angle Θ, the plate is described only by the 
contact angle Θ. The distance between the surfaces of the two objects is defined by the parameter d. All parameters can be set 
independently from each other. As this model is based on condensing conditions, the quotient of the actual vapor pressure p to 
the saturated vapor pressure over a planar surface ps has to be considered, too. In the case of water as liquid phase and air as 
continuous phase the quotient p/ps can be interpreted as relative humidity φ. 
 
 
Fig. 1. Schematic showing the capillary bridge between (a) two spherical particles and (b) a spherical particle and a plate [14]. 
In case of liquid bridge formation by condensation its mean curvature radius equals the Kelvin radius [18] which can be 
calculated dependent on the relative humidity by 
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if following requirements are valid [19]: (1) the liquid phase is in thermodynamic equilibrium with the gaseous phase and (2) 
gravity can be neglected. The second requirement is valid for sufficiently small capillary bridges and consequently can be 
assumed valid for nanoscaled particles in general [20]. Thermodynamic equilibrium is assumed as only stationary capillary 
bridges are calculated in this model and the transient state is not considered. The curvature radius can be split up into two 
curvature radii r1 and r2 with 
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The center of the circle of the curvature radius r2 is on the rotation axis of the capillary bridge, because the capillary bridge is 
rotationally symmetrical. Furthermore, both radii are perpendicular to the capillary bridge surface and they have opposite signs 
corresponding to a convex and concave curvature, respectively.  
 
As the surface of the meniscus is curved the pressure inside the capillary has to be different from the pressure of the gaseous 
phase and the pressure difference, the so-called Laplace pressure [18], can be calculated with 
Kr
p J '     (3) 
Usually the pressure inside the capillary is lower than the pressure of the gaseous phase and hence an adhesion force is 
induced between the particles, the capillary pressure force FP. Another force component arises from the surface tension of the 
liquid-gas interface, the surface tension force FS being attractive in case the wetting angle is smaller than 90°. These two forces 
sum up to the total capillary force FC. If the shape of the meniscus is known the capillary bridge can be calculated at every cross-
section of the meniscus. For a better comparison this simulation method calculates the forces separately at the neck of the 
capillary bridge with 
)cos(22 DJSS rprFFF SPC '      (4) 
The radius r is the radius of the meniscus at this cross-section and α is the angle the interface deviates from normal direction 
in this cross-section. The first term on the right-hand side of eq. 4 represents the capillary pressure force and the second term 
represents the surface tension force, respectively. 
 
As stated, the shape of the meniscus has to be known, so that the force can be calculated. This is accomplished using the 
following method: The meniscus shape is composed of many distinct points that are interpolated linearly. At the beginning a 
filling angle E of the liquid bridge at the first particle is chosen and the first point is set on the surface of the first particle, 
corresponding to this filling angle. The slope of the meniscus in this point can be determined with the curvature of the particle 
and the contact angle. If the slope is known the next point of the meniscus can be calculated. In the next step, the slope in the 
new point has to be determined. Therefore, the radius r2 is computed as the perpendicular distance of the point to the rotation axis 
and the radius r1 is computed with eq. 2 under consideration of the Kelvin radius. The radius r1 is connected to the curvature of 
the meniscus with 
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which allows the determination of the slope of the meniscus in this point. Afterwards, the position of the next point can be 
determined. This procedure is continued until either the second particle is reached or it is not possible to reach the second particle 
anymore. In case of a contact or intersection of liquid bridge and particle surface the contact angle between meniscus and particle 
is calculated at the contact point and compared to the desired contact angle given by the material properties. If they agree within 
numerical precision the capillary bridge is calculated and the result is stored. If this is not the case, the filling angle on the first 
particle will be varied and a new meniscus is determined until there is an agreement between the simulated and the desired 
contact angle. A schematic of the iteration sequence is shown in Fig. 2. The grey lines show menisci calculated at incorrect 
filling angles and the blue line is the correct capillary bridge with a few exemplary points.  
 
When the meniscus is determined, the forces and the volume of the capillary bridge are calculated. To calculate the volume of 
the meniscus the volumes of revolution between the points are calculated and added. Afterwards, the volume of the particle caps 
that reach into the meniscus are subtracted. As additional second convergence criteria force and volume of an iteration step are 
compared to force and volume of the previous iteration step, respectively. If any of the relative differences is greater than a 
chosen threshold another iteration of the calculation will be performed. 
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Fig. 2. Schematic of the iteration sequence [14]. 
It is possible to calculate capillary bridges with a filling angle up to 90°. For higher filling angles it is possible that the 
calculated meniscus intersects the particle leading to erroneous results. Filling angles over 90° occur only for “extreme” 
configurations, for example a relative humidity near to saturation and a small particle in a small distance to a plate. For a better 
control of the critical filling angle the calculation of the meniscus always starts at the particle with the smaller diameter.  
 
This simulation method was validated by Dörmann and Schmid [14] as the results were compared to different other 
calculations by Orr et al. [9] and Schubert [21]. 
3. Results 
In this section the influence of different parameters on capillary force and volume will be presented. In all simulations water 
as the liquid phase and air as the gaseous phase are assumed at a temperature of 20 °C. The surface tension of the water is set to 
72.75 mN/m. 
 
The most obvious parameter is the particle size. The resulting forces and volumes of capillary bridges between equal-sized 
spheres with different diameters are shown in Fig. 3. The dimensionless capillary force (Fig. 3a) is almost independent from 
particle size for particles with a diameter over 1 μm, i.e. capillary force scales linearly with size. For smaller particles the force 
decreases stronger with decreasing size because the influence of the particle curvature increases. A similar effect can be seen for 
the volume of the capillary bridge (Fig. 3b), which increases nearly linearly with the particle size for particles over 1 μm and is 
decreasing significantly stronger for smaller particles.  
 
With increasing relative humidity the volume of the capillary bridge increases as more water condenses into the gap between 
the particles. The volume increase is higher at low and high relative humidities than at a medium relative humidity. This 
corresponds to the relation between relative humidity and Kelvin radius. Therefore, the volume of the capillary bridge scales 
almost linearly with the Kelvin radius. The smaller the particles, the lower the volume increase is with increasing relative 
humidities.  
 
The capillary force first increases with higher relative humidity until a plateau is reached. After that plateau the force 
decreases slightly although the volume still increases. As given by eq. 1 Kelvin radius increases with relative humidity and hence 
the capillary pressure decreases. This decrease of the capillary pressure cannot be compensated by the bigger volume of the 
capillary bridge resulting in a lower total adhesion force. The decrease of the force for the different particle sizes is quite 
different. In this example the particles with a diameter of 10 μm and 10 nm show the slightest decrease in force, while the 
decrease is the highest for the capillary bridges between particles with a diameter of 100 nm. This behavior is based on two 
different aspects. For the bigger particles the volume and hence surface force is increasing relatively strongly resulting in a 
smaller decrease of the total force. Regarding the smaller particles the ratio of the capillary pressure force on the total capillary 
force decreases and hence the decrease of capillary pressure does not influence the capillary force as much as for bigger particles 
so that the decrease of the force is lower. For the 100 nm particles both aspects does not apply very well and the force decreases 
strongly at high humidities. 
 
From these results it can be seen that capillary bridges behave different between nanoscale particles than between microscopic 
particles. The behavior of nanoscale particles cannot be deduced from the behavior of microscopic particles. 
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Fig. 3. a) Capillary force and b) volume of a liquid bridge between two equal sized spheres with diameter D and a contact angle Θ of 0° at a distance d of 0.2 nm. 
Furthermore, in general a powder has a particle size distribution and therefore, capillary bridges typically occur between 
particles with different diameters. As an approximation the force between two different sized spheres with the diameters D1 and 
D2 can be related to the force between a sphere with the diameter D1 and a plate with  
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In Fig. 4 the capillary force between two spheres, one with a fixed diameter D1 and the other one with a varying diameter D2, 
is shown for a diameter D1 of 10 μm (a) and 100 nm (b). The forces shown are scaled with eq. 6. Hence they should be in 
agreement with the force between a sphere and a plate. Furthermore, the relative differences to the sphere-plate configuration are 
shown for a diameter D1 of 10 μm (c) and 100 nm (d). In these exemplary cases the deviations are under 6% for a diameter D1 of 
10 μm and under 15% for a diameter of 100 nm. The differences increase with a smaller diameter ratio D2/D1 and at higher 
relative humidities. Only if the second particle is much larger than the first one the error tends to zero since the larger particle 2 
appears like a wall to the smaller particle 1. In case of a small diameter ratio the relative difference could be reduced by labeling 
the smaller particle as D1 and the bigger particle as D2. But in this case the absolute deviation increases also because of the 
smaller particle size, so that the maximum difference could be about the same value. Regarding the two force components, the 
differences are substantially higher than the differences of the total force. But these differences are compensating each other 
quite well, resulting in a low deviation of the total force as shown in Fig. 4. As the ratio of the capillary pressure force to the total 
capillary force decreases for smaller particles, also the relative humidity at which the maximum difference occurs changes to 
smaller relative humidities. It has to be noted that for particles smaller than 100 nm it is possible that there can be filling angles 
over 90° at the particle while calculating the capillary bridge between the particle and a plate. As already mentioned before, this 
can lead to erroneous results and therefore, eq. 6 cannot be used in these cases.  
 
It should be mentioned, that if the distance or the contact angle increase typically a minimum relative humidity is necessary 
that capillary bridges can exist at all. Near to this minimum relative humidity the deviations using eq. 6 increase strongly. 
Additionally, it is possible that at a certain relative humidity a capillary bridge can exist between a sphere and plate, while no 
capillary bridge can exist between two spheres. Therefore, capillary forces between particles could be calculated with eq. 6, 
although a capillary bridge between these particles cannot exist. Therefore, in general it is not possible to deduce the existence of 
a capillary bridge from the calculated capillary force. 
 
The volume of the capillary bridge cannot be described well with eq. 6 as the differences are quite high even for microscopic 
particles particularly at a relative humidity near to saturation. For nanoscale particles the differences can be close to 100% at high 
humidities, but also at a lower relative humidity they are substantial. 
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Fig. 4. Above: Capillary force scaled with eq. 6 between unequal-sized spheres with diameter a) D1 = 10 μm and b) D1 = 100 nm, varying diameter D2, contact 
angle Θ of 0° at a distance d of 0 nm. Below: Relative difference of the scaled capillary force between unequal-sized spheres with diameter c) D1 = 10 μm and d) 
D1 = 100 nm, varying diameter D2, contact angle Θ of 0° at a distance d of 0 nm to the capillary force between a sphere with diameter D1 and a plate.  
A second important influence factor is the contact angle of the particles. If the contact angle increases, i.e. the particle is more 
hydrophobic, the resulting force decreases. It appears that at a distance of 0 nm the capillary force is nearly proportional to the 
cosine of the contact angle. In Fig. 5 the capillary force scaled by the cosine of the contact angle is presented for 10 μm particles 
(a) and 10 nm particles (b), respectively. Also the deviation of the scaled capillary force to the capillary force at a contact angle 
of 0° is shown for particles with a diameter of 10 μm (c) and 10 nm (d), respectively. For both particle sizes the maximum 
differences are small with 3.5% and 7%, respectively. The difference increases with a higher contact angle. Furthermore, for 
micrometer-sized particles the maximum deviation is at a high relative humidity near to saturation. The smaller the particles are, 
the lower is the relative humidity where the maximum deviation occurs. This is influenced by the changing ratio of the force 
components on the total force and the different dependence of these components on the contact angle. The deviations of the two 
force components are much greater than the deviation of the total force. But as they are in different directions they compensate 
each other to a large extent.  
 
This correlation does not fit anymore if the distance between the particles is greater than 0 nm. For increasing contact angles a 
higher relative humidity is needed that capillary bridges can exist. Approaching this minimum relative humidity the difference 
increases strongly. But the agreement between the simulated values and the values scaled with the cosine of the contact angle at 
relative humidities near to saturation is still comparable to the differences when the particles are in direct contact. 
 
The volume dependence of the capillary bridge on the contact angle cannot be described by the cosine of the contact angle. 
For microscopic particles there can be differences up to 50%. This even increases when the particles are smaller. 
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Fig. 5. Above: Capillary force scaled with the cosine of the contact angle between two spheres with diameter a) D = 10 μm and b) D = 10 nm, varying contact 
angle Θ at a distance d of 0 nm. Below: Relative difference of the scaled capillary between two spheres with diameter c) D = 10 μm and d) D = 10 nm, varying 
contact angle Θ at a distance d of 0 nm to the capillary force between two spheres with a contact angle Θ of 0°. 
 
Fig. 6. a) Capillary force between spheres with diameter D of 10 nm at a distance d of 0.2 nm. The contact angles are varied. b) Relative difference of the 
capillary force between two spheres with diameter D of 10 nm and varying contact angles at a distance d of 0.2 nm to the capillary force between two particles 
with a contact angle Θ of 41.4°. 
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It is also possible, that particles with different contact angles are in contact with each other. This effect can be modeled directly 
or with different approximations: (1) Calculating the force between particles with different contact angles. (2) Calculating the 
force between particles with the same contact angle which is the mean value of the cosine of the contact angles of alternative 1.  
(3) Calculating the mean value of the capillary forces of two simulations. These simulations calculate the capillary force between 
two particles with the same contact angle and the contact angles of both simulations are the same as the contact angles in 
alternative 1. In Fig. 6a the capillary forces of the different alternatives are presented for two particles with a diameter of 10 nm 
and a distance of 0.2 nm. Two different sets of contact angles with the same mean value of the contact angles’ cosine were tested. 
The relative differences of the capillary force of the different alternatives to the result of alternative 2 are shown in Fig. 6b. The 
agreement between all simulations is very good. The closer the contact angles are to the mean value of the contact angle the 
better the results become. But each combination of contact angles has a different minimum relative humidity which is needed for 
capillary bridge existence. Near to these values the deviations increase and it is not possible to derive this minimum value for 
different contact angles. Several configurations with other particle sizes, distances and mean contact angles were tested. They 
also show only very small differences. 
4. Conclusion 
In this paper a simulation method was described that determines numerically the shape of a capillary bridge between spherical 
particles and calculates the resulting force. The capillary bridges are modeled under condensing conditions and hence the 
meniscus is in thermodynamic equilibrium with the surrounding air. In this method no assumptions are made regarding the shape 
of the meniscus as these assumptions cannot be used for nanoscale particles without remarkable mistakes. The calculated 
meniscus consists of many distinct points that are interpolated linearly and they are determined in an iterative process. After the 
determination of the capillary bridge shape the force and the volume are calculated.  
 
The capillary force depends on several parameters. The dependence on particle size, relative humidity and contact angle were 
treated in this paper. The capillary force and volume increase with an increasing particle size. While this increase is nearly linear 
for microscopic particles, force and volume decrease stronger for smaller particles. When two particles with different diameters 
are in contact the resulting force can be described as a fraction of the capillary force between a sphere and a plate. This 
approximation fits very well only for the total force and microscopic particles in direct contact. Otherwise the deviations of the 
approximation to the simulated values can be substantial. With increasing relative humidity the volume of the capillary bridge 
increases nearly linearly to the Kelvin radius. The force first increases but at relative humidities near to saturation it decreases 
due to the lower capillary pressure. If the particle is more hydrophobic, that means the contact angle is higher, the capillary force 
decreases. This can be approximated by the cosine of the contact angle. Similar to the different particle sizes limitations have to 
be considered. These are again smaller particle sizes, a distance greater than 0 nm and the calculation of the volume and of the 
two force components. Furthermore, particles with different contact angles can be in contact with each other. Three different 
alternatives were tested for this case and they all show good agreement. Just near the minimum relative humidity these 
differences increase.  
 
In the future the results from this simulation will be compared to molecular dynamics simulations to check down to which 
particle size the assumption of water as continuum, like it is used in this work, is valid. Furthermore, the simulation will be 
enhanced to determine three-dimensional capillary bridges that are not rotationally-symmetrical anymore. This allows the 
modeling of capillary bridges between particles with arbitrary roughness or particles that are not rotationally-symmetrical. It is 
also possible then to calculate forces that do not act in normal direction. Then the shear of one particle over another particle can 
be simulated. Furthermore, the influence of dynamic forces will be estimated. 
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